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Abstract
Virtual black holes in noncommutative spacetime are investigated using coordinate coherent state
formalism such that the event horizon of black hole is manipulated by smearing it with a Gaussian
of width
√
θ, where θ is the noncommutativity parameter. Proton lifetime, the main associated
phenomenology of the noncommutative virtual black holes, has been studied: first in 4 dimensional
spacetime and then generalized to D dimensions. The lifetime depends on θ and the number of
spacetime dimensions such that it emphasizes on the measurement of proton lifetime as a potential
probe for the micro-structure of spacetime.
Introduction
Since the introduction of Hawking radiation [1],
many semiclassical, non-classical [2–9] and geometrical
[10–12] endeavours—seeking “the” unified theory—have
been striving to “shoehorn” general relativity into the
framework of quantum field theories (QFT). Irrespective
of the back-and-forth objections [13] and rebuttals [14]
on the torsion-based and Poincare´ gauge geometrical
approaches, what captures attention is the capability of
these approaches to maintain Cosmic Censorship [15],
i.e., they can avoid nonphysical singularities resulted
from black holes evaporation, and remove the ultra-
violet divergences in QFT through treating fermions
as spatially extended objects rather than perceiving
them as “point-like” particles [16–18], the mainstream
QFT perspective on those particles. Part of this letter
sheds some light on an alternative to this mainstream
perspective as the approach we follow concurs with
those geometrical approaches in viewing particles as
dimensional objects.
In contrast, all non-geometrical attempts have shown
drawbacks when it comes to deal with divergences and
renormalization problems [19–21], especially when the
mass of black hole MBH becomes closer to Planck
mass MP at temperature TBH relating the mass of
radiating black hole and its entropy. Such black hole is
known as microscopic black hole. If MBH < TBH limit
can be experimentally attained in high energy particle
collisions, then studying the emitted particles from
decay process of microscopic black holes would be very
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promising to divulge many secrets about how nature
works on quantum gravity level [22]. A black hole with
mass of Sun would have TBH ∼ 60× 10−9 K at the event
horizon, while a black hole with mass of Earth’s moon
would have the surface temperature ∼ 2.7 K. So the ra-
diation of astrophysical massive black hole is too minute
to be detected in the Cosmic Microwave Background
(∼ 2.7 K). In contrast, the end stage of primordial
black holes comes with tidal and thermodynamical
features that are more detectable as they are expected to
be hotter, brighter and lighter (MBH ∼ 10−8 kg) [23, 24].
In light of the anticipated pattern of evaporation of
tiny primordial black holes, it is also expected that
“man-made” microscopic black holes would evaporate
after losing “hair”—the presumably associated radiation
fields—together with angular momentum and finally
end up being with Schwarzschildian signatures and mass
∼ MP . This commutative scenario shows that Hawking
temperature would have a divergent catastrophe when
black holes are almost about to completely evaporate
due to curvature singularities. However, this scenario
overlooks the micro-structure quantum fluctuations
of spacetime to taken into consideration. So it is
suggested that it still can be maneuvered around with
the help of noncommutative contrivances, including the
proposal of extra dimensions [25]. Before we examine
the significance of extra dimensions as a consequence of
spacetime micro-structure [26], it is worth noting some
shortcomings of extra dimensions as a consequence of
string theory alone without considering noncommutativ-
ity.
The Arkani-Hamed, Dvali, Dimopoulos (ADD)
model [27, 28] predicts that a black hole with radius
smaller than the size of the extra dimensions (n > 3) can
be placed in a (1, n)-dimensional isotropic spacetime,
i.e., they are close to be microscopic black holes. Then
higher-dimensional Schwarzschild solution appears in
2the scenario of black hole evaporation. So if high energy
particle collisions would create microscopic black holes,
they might evoke higher values of associated cross section
in the presence of such large extra dimensions [29]. It
is worth pointing out that ADD-based string theory
models suggest quantum description for only extremal
and super-extremal charged black hole models [30].
However, it raises questions about the early discharge
phase before reaching Schwarzschild geometry. Besides
that, and still within the realm of string theory, there
is no program that describes all evaporation phases of
(super)-extremal black holes, specially the phase when
the mass of black hole becomes ∼MP [31].
Earlier before the introduction of large extra di-
mensions in ADD model, it was proposed [32–34]
that the introduction of Noncommutative geometry
(NC) in quantum gravity theories should imply extra
dimensions. The proposal extends to substantially
relate NC to the essential quantum fluctuations of
gravitational field [35] by showing that classical gravity
is indeed unique “shadow” in the commutative limit
of the noncommutative “Fuzzy Spacetime” [36–40].
Almost at the same time, Virtual Black Holes (VBH)
were introduced to appear/disappear due to quantum
fluctuations of spacetime too [41–43] as consequence of
relating uncertainty principle to Einstein equations of
gravity such that VBH would gravitationally resemble
particle-antiparticle pairing in vacuum state of QFT
[44]. In light of this proposal, a VBH is to carry a
mass ∼MP and to share features of Wheeler’s quantum
foam [45, 46]. So taking into account that uncertainty
principle is a noncommutative relation that presumably
forestalls measuring physical lengths more accurately
than Planck length, and by considering all drawbacks
of QFT in curved spacetime together with question
marks on string theory predictions for extremal black
hole, Nicolini black holes [31, 47–59] were introduced
as a potential alternative to describe the end stage of
primordial black holes with mass ∼ MP in NC back-
ground. Further details on noncommutative black holes
and fuzzy geometry are in Ref. [31]. Also the rotating
case [60], charged case [61] and potential connection
to primordial black holes [62] are considered. The
case of Nicolini black hole with Schwarzschild geometry
and VBH features is what we focus on through this letter.
One of the major issues with the many current ap-
proaches to quantum gravity research is the need for
phenomenological features of a given quantum grav-
ity model. It is the issue of having a set of observa-
tional/experimental constraints that allows eliminating
some of the many other quantum gravity models. Any
quantum gravity phenomenology ought to be connected
to the micro-structure of spacetime, such as spin foam
models of canonical quantum gravity [63–66] or the com-
pactified extra dimensions from brane world models and
string theory [67–69]. Major quantum gravity models
phenomenologically result in noncommutative geometry,
where the conventional spacetime points are in a given
coordinate system [70–72]. Furthermore, they form an
algebra satisfying the Lie bracket
[xµ, xν ] = iθgµν (1)
for θ the noncommutativity parameter, with some
matrix element gµν . The implication for the above
relation on point-like objects is to smear out such object
into a Gaussian with a width
√
θ.
This natural assumption about the micro-structure
of the spacetime is based upon two main reasons.
The first one is to avoid the controversy of having
undefined point-like particles, e.g.: electrons. This
Boscovichian-like model results in characterizing those
particles by an infinitely electromagnetic mass density.
The only way to clear out such divergences is to use
renormalization techniques, which essentially impose an
effective cut-off scale for the quantum electrodynamics,
which is a QFT, and hence avoiding indirectly the
notion of point-like particles [73]. It is also worth
mentioning that due to the same reason, there is a
new line of research has been launched [74] to describe
black holes the same way physics describes particles
with spatial volumes. Part of it refers indirectly to
the assumed relationship that might be between VBH
and NC. Bekenstein argued for similar argument [75]
although it targets different problem. Also torsion-based
gauge theories of gravitation we mentioned earlier are
endowed with noncommutative geometrical variety—but
it is of a different kind as gravitational gauge theories
are based on diffeomorphisms rather than Lie group
structure of noncommutative coherent state formalism
of spacetime—which what makes these theories see
elementary particles with non-Boscovichian signature.
This suggests that noncommutativity, in general, may
be essential to the existence of elementary particles
as spatially extended objects. The second reason is
that the existence of a causal metric theory of gravity
governed by the Einstein equations along with localized
spacetime events—that are determined by quantum
radiation/matter interactions—would strongly recom-
mend considering spacetime as a foam-like structure.
This recommendation comes from the two known facts
that spacetime obeys the uncertainty principle between
position and momentum, and the Einstein equations
imply the ultra-relativistic dispersion relation between
energy and momentum E ∼ p. Moreover, the existence
of highly-localized energy would cause the spacetime
structure to break-down beyond the Planck scale [76].
Another motivation for noncommutative geometry [77]
is the discovery of the area law for entropy [78], setting
a bound on the maximum number of particle/events in a
given region of spacetime bounded by an area A
N .
A
ℓ2p
. (2)
3Hence from the previous discussion, we would expect
that the spacetime at the micro-scale to consist of a sea
of VBH [41, 79]. However, in all the models studying
VBH, the noncommutative structure of spacetime has
not been taken into an account, a priori, although the
motivation is the same for both phenomena. VBH could
have a measurable effect in particle physics, permitting
events/decays that are forbidden within the realm of the
standard model. The most important decay that could
be caused by VBH is the proton decay [80]. Noncom-
mutative spacetime models also predict phenomenolog-
ical aspects on particle physics, but they seem to be
rather ill-defined or even unjustified. A widely known
prediction of noncommutative spacetime geometry is the
mass of the Higgs particles mH . It is predicted to be
about
√
2mt ∼ 246 GeV, where mt is the mass of the
top quark [81]. This has a considerable error compared
to the measured mass mH = 125 GeV but remains in the
same order of magnitude. Given the time these calcula-
tions were made, the predictions from noncommutative
geometry seemed within the experimental range.
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FIG. 1: Theoretical predictions for the proton lifetime τp in
the most prominent models Vs. the experimental searches
for the proton decay. Observations show that most of these
models has been ruled out, leaving a tight window for SO(10)
and flipped SU(5) models. In addition to the VBH models
that can be tuned for a large range. [80, 82–88]
Considering the experimental/observational bound of
the lifetime of the proton τp > 10
34 years [82], then many
models such as grand unification theories (GUT)1, su-
persymmetric models (MSSM’s in particular) [84–86, 96]
or sphaleron model [97] would be eliminated from the
consideration. However, such consideration would leave
a tight window for other GUT models, in particular,
like those involving strings and branes [98], variations of
SO(10) group [99], or by leptoquarks models [100] which
1 In GUT, magnetic monopoles are interesting example of pro-
cesses catalyze proton decay, particularly the monopoles of
SU(N) with the Rubakov-Callan effect [89, 90]. Those monopoles
should be differentiated from those of SO(N) dual gravity [91–
94], even if SU(5) of Georgi-Glashaw model can be embedded
within SO(10) [95].
shows an increasing interest, due to recent findings re-
lated to the anomalies in B-meson decays at the LHCb
experiment [101]. Moreover, the proton could decay via
VBH, and the lifetime of this decay can be estimated
from the relation in D dimensions [80, 102]
τp ∼M−1proton
(
Mqg
Mproton
)D
, (3)
where, for the VBH mass Mqg =
√
1/8πG = Mp the
Planck mass and D = 4, the proton lifetime τ is ∼ 1045
years. Not to mention that the proton decay process,
if it exists, is a very rare event, therefore, it also gives
branching ratio B between the generic GUT decay chan-
nel and QG one of order B = 1019 which is extremely
small. However, for different models of quantum gravity
and extra dimensions, the VBH channel would have a
significant contribution to the proton decay. In fact, for
phenomenological quantum gravity models such as gener-
alized uncertainty principle (GUP)[103–111] the VBH de-
cay channel could have comparable effects to GUP/SUSY
or other models for reasonable deformation parameter
β [102]. Since the experimental researches have excluded
many non-quantum gravity models, the possibility that
proton decay being a signature of quantum gravity is in-
creasing, see FIG. 1.
Gaussian distribution for the mass of virtual black
holes in noncommutative geometrical background
It would be interesting to investigate the hypothesis of
noncommutative spacetime as a phenomenological quan-
tum gravity model on the proton decay via noncommu-
tative VBH (NCVBH) and to examine the experimental
limits on the noncommutativity parameter θ. The mass
density distribution for a droplet of matter/equivalent of
energy in D space time dimension is given by [49, 112].
ρ(r) =
M
(4πθ)D−1/2
e−
r
2
4θ . (4)
Assuming a Gaussian mass density distribution with
width θ, we begin studying the geometric properties of
noncommutative VBH by computing the Einstein field
equations using the metric of a microscopic black hole
[49].
−ds2 =
(
1− 4M
r
√
π
γ(3/2, r2/4θ)
)
dt2
−
(
1− 4M
r
√
π
γ(3/2, r2/4θ)
)−1
dr2 − r2dΩ22 ,
(5)
where M is the black hole mass, which is an unknown
parameter in this case. And γ(3/2, 4θ) is the incomplete
gamma function.
γ(3/2, r2/4θ) =
∫ r2/4θ
0
t1/2e−tdt. (6)
4Following the analysis in [49, 55], we find the space-
time metric for 4 dimensions, and we can generalize this
analysis for arbitrary D dimensions.
This metric gives a noncommutative gravitational ra-
dius r∆ that would be of concern when we examine the
proton lifetime. Nevertheless, the mass of (virtual) black
hole needs further study in order to identify it.
We want the above metric (5) to become the conven-
tional Schwarzschild metric when θ → 0 with a Planck
mass Mp being its mass. This ansatz is attainable as the
limit γ(a, z) → Γ(a) as z → ∞ [113]. So M is, indeed,
Planck mass.
Also we identify the effective gravitational radius rs (or
equivalently the effective quantum gravity mass Mqg) as
the solution to the equation
h(r)|rs :=
4M
rs
√
π
γ(3/2, r2s/4θ)− 1 = 0. (7)
In this present form, we could not analytically solve this
equation for rs. Therefore, we expand the incomplete
gamma function at the classical spacetime limit θ → 0
and take the leading and sub-leading terms. Then the
incomplete gamma function is expanded as [113]
γ(3/2, r2/4θ) ≃ Γ(3/2)− 2√
θ
re−r
2/4θ +O(θ1/2), (8)
which is rather an expected result. The sub-leading term
is Gaussian, superimposing Gaussian distribution noise
around the standard gravitational radius rs = 2M , see
the plot in FIG. 2.
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FIG. 2: The standard gravitational radius rs = 2M with
added Gaussian noise of standard deviation
√
θ = 1. The lin-
ear relationship is described by rs = 2M + δr, where δr rep-
resents the standard error generated by normally distributed
random error with a mean = 0 and 100 random trials. Notice
that the negative radius region is nonphysical, hence M must
be at least M >
√
θ.
Therefore, the horizon equation can be written as up to
sub-leading order as
h(r)|rs = rs − rsN (r; rs,
√
θ), (9)
with N (r; rs,
√
θ) being the normal distribution. Then
from [49] with rs = 2M and standard deviation σ =
√
θ,
we can directly define the minimal effective gravitational
mass to be Mgq ∼
√
θ since the noncommutative black
hole could not be defined with radius less that
√
θ, i.e.,
at short distances we consider the quantum geometry ef-
fects made by spacetime fuzziness where rs ∼
√
θ. This
suggests a consistent picture to present the basic phe-
nomenology of quantum gravity, particularly the descrip-
tion of VBH, without setting an artificial bounds on the
gravitational mass/radius.
Moreover, this result can be realized within the stochas-
tic interpretation of quantization [78, 114] which assumes
that the gravitational degree of freedom is the black
hole’s gravitational radius rs with the rate of its change
as the conjugate momentum does. Therefore, we add to
them a stochastic extension with the parameter
√
θ such
that
rs + i
√
θQˆ, (10)
which is similar to what was obtained in the formal
scholastic quantization of black holes by Moffat [115,
116].
Numerical analysis in D dimensions
From this analysis we could rewrite θ in terms of the
effective scale of quantum gravity, that is ΛQG =
1√
θ
.
And since the virtual black hole mass is bounded by the
noncommutativity parameter, we can recover the result
of the virtual black hole mass being corresponded to the
effective scale of quantum gravity Λqg ∼ 1MV BH . There-
fore, if observations were made with careful analysis, a
crucial observation of black hole decay would reveal the
micro-structure of spacetime. The experimental and ob-
servational bound of the minimal mass of black holes can
be found in [117–120] where the mass is bounded to be
> 4.5 TeV. According to our analysis, that corresponds
to a quantum gravity scale bound of ∼ 4.39 × 10−20 m,
which is clearly much larger from what we expect, as this
scale is comparable to the electroweak scale that does not
show spacetime anti-commutativity at it. Other models
excluded the possibility of detecting microscopic black
holes at the LHC even at run II with
√
s = 14 TeV due
to phenomenology of quantum gravity, such as modified
dispersion relation by rainbow functions, or existence of
maximum momentum by a generalization of Heisenberg
algebra GUP [121, 122]. These bounds were set using
particle collisions. However, the proton lifetime could
set a much better bound if the relation (3) is used and
the Mqg with the quantum gravity scale Λ
−1
QG is substi-
tuted. This leads to the order of unity estimation. Using
the relation (7) in the proton lifetime formula, we can
numerically find the bound on the noncommutativity pa-
rameter θ. Alternatively, the bound on the noncommu-
tativity scale (quantum gravity scale) Λqg = 1/
√
θ can
5be estimated from the experimental bound of the proton
lifetime > 1034 years. The relation is between θ and the
mass of the proton to the D + 1 power, multiplied with
τp is shown in FIG. 3. Numerical computations results
are summarized in table. I. and visualized in FIG. 4.
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FIG. 3: The proton lifetime as a function of the noncommu-
tativity parameter θ in Planck units for 4, 6, 8, 9, 11 and 26
spacetime dimensions D.
D Λqg/ℓp
4 2.269
6 171.940
8 1.489 × 103
9 3.059 × 103
11 8.714 × 103
26 1.320 × 105
TABLE I: The bound on the quantum gravity noncommuta-
tivity scale Λqg in Planck length units, from the observational
bound on the proton lifetime. For different spacetime dimen-
sions
Conclusions
We investigated the proton lifetime and how experi-
mental results showed the non-validity of many quantum
gravity models. We suggested perceiving the decay of
proton as the thermal evaporation of virtual black holes
within the context of noncommutative geometry. We
used the lower incomplete gamma function to relate the
Gaussian distribution of the mass density to the mass
of Schwarzschild-like virtual black holes, and we calcu-
lated both corresponding mass and gravitational radius
4 5 6 7 8 9 10 11
D
0
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Λ q
g
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ℓ
FIG. 4: Visualization of the relation between the space-
time dimensions D and the minimum noncommutativity scale
Λqg/ℓp
of the horizon of such black hole in terms of the non-
commutativity parameter θ. This introduced an experi-
mental verifiable way to check the validity of seeing the
micro-structure of the spacetime in the context of the
noncommutative geometry. Finally, we numerically ana-
lyzed the process of decay in different D dimensions, and
we showed the possible bounds on the noncommutativity
parameter θ. The study can be extended for investigat-
ing the implications of noncommutativity geometry in
cosmology to be compared with the recent Planck data.
We hope to report on this in the future.
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